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GENERIC SINGULARITIES OF SCHUBERT VARIETIES
L. MANIVEL
Abstrat. We desribe the generi singularity of a Shubert variety of type A on eah irre-
duible omponent of its singular lous. This singularity is given either by a one of rank one
matries, or a quadrati one.
1. Introdution
Let Fn be the variety of omplete ags of an n-dimensional vetor spae over an algebraially
losed eld of harateristi zero. For eah referene ag V•, and eah permutation w ∈ Sn, one
an dene a Shubert variety
Xw = {W• ∈ Fn, dim(Wp ∩ Vq) ≥ rw(p, q), 1 ≤ p, q ≤ n},
where the rank funtion rw is dened rw(p, q) = #{i ≤ p, w(i) ≤ q}. This Shubert variety is
the Zariski losure of an ane ell Ωw of dimension l(w), the length of the permutation w.
This note is an appendix to [9℄, where we solved the longstanding problem of loating the
irreduible omponents of Shubert varieties (see also [1℄ and [5℄). Here we desribe geometrially
the singularity of Xw at the generi point of eah omponent of its sigular lous. This was done
in [3℄ for ovexillary permutations (no 3412 onguration allowed), and in a more general but
also more restrited ontext (orresponding in type A to the ase of grassmannians rather than
omplete ag varieties), in [2℄.
Before stating our result we need to reall how the singular lous of Xw an be loated. Reall
that following a theorem of Lakshmibai and Sandhya, Xw is singular if and only if there is no
sequene of integers i < j < k < l suh that w(l) < w(j) < w(k) < w(i) (a 4231 onguration)
or w(k) < w(l) < w(i) < w(j) (a 3412 onguration). In general, the irreduible omponents
of Sing(Xw) are in orrespondane with ertain minimal 4213 or 3412 ongurations enoded in
the following gures, where the • are points of the diagram of w (their oordinates are (i, w(i))
for some i). There are atually three types.
Type 4231 : l(w) − l(v) = l +m+ 1, m(w, v) = l(w) + lm = l(v) + (l + 1)(m+ 1), where l > 0
and m > 0 are the numbers of • in the NorthWest and SouthEast squares, respetively.
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Type 34∗12 : l(w)− l(v) = 2l+3, m(w, v) = l(w) + 1 = l(v) + 2l+4, where l ≥ 0 is the number
of • in the entral square.
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Type 34∅12 : l(w)− l(v) = l +m+ 3, m(w, v) = l(w) + l +m+ 1 = l(v) + 2(l +m+ 2), where
l ≥ 0 and m ≥ 0 are the numbers of • in the NorthWest and SouthEast squares, respetively.
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The ongurations formed by the • in the gures above are minimal if there is no other point
of the diagram of w in the region D drawn in grey. For eah suh onguration, we then replae
the • by the points represented by ◦, to obtain the diagram of a new permutation v. Then
Xv is an irreduible omponent of the singular lous of Xw, and every irreduible omponent is
obtained that way. (Moreover, D is preisely the region where rv > rw.) The dimension m(w, v)
of the Zariski tangent spae TxXw at a point x ∈ Ωv was omputed in [9℄.
Theorem. Let Xv be an irreduible omponent of Xw, oming from one of the three possible
types of minimal ongurations listed above. Then eah point of Ωv has an ane neighbourhood
in Fn whose intersetion with Xw is isomorphi to the produt of the ane ell Ωv, of dimension
l(v), with either
1. a one of matries of size (l + 1)× (m+ 1) and rank at most one;
2. a quadrati one of dimension 2l + 3;
3. a one of matries of size 2× (l +m+ 2) and rank at most one.
The following orollary is an immediate onsequene of the theorem and of the omputations
of [2℄, 3.3. It was obtained in a purely ombinatorial way in [1℄, 12, but our geometri statement
is of ourse more preise:
Corollary. With the same notations as above, the Kazhdan-Lusztig polynomial of the pair (v,w)
is, respetively,
1. Pv,w(q) = 1 + q + · · ·+ q
min(l,m)
;
2. Pv,w(q) = 1 + q
l+1
;
3. Pv,w(q) = 1 + q.
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2. Proof of the theorem
As in [2, 3℄, we use the existene of a transversal Nv,w to Ωv in Xw, whih was notied in [6℄,
Lemma A.4. This transversal (whose dimension is of ourse l(w)− l(v)) is the intersetion of Xw
with Nv = v(Ωw0)∪Ωw0 , where w0 is the permutation with maximal length in Sn (Ωw0 is the big
ell in Fn, isomorphi to the unipotent group U
−
of strit lower triangular matries in GLn),
and the permutation v is identied with its matrix (assuming that the referene ag is just the
anonial ag). The olumns of v generate a ag Dv ∈ Ωv, and the Bruhat deomposition implies
that the map φv :Mv = vU
− ∩U−v −→ Nv given by φv(m) = m(Dv), is an isomorphism. Note
that
Mv = {m ∈ GLn, miv(i) = 1, mjk = 0 if k < v(j) or j > v
−1(k)}.
Lemma. Let m ∈ φ−1v (Nv,w). Let j, k be suh that k > v(j) and j < v
−1(k). Then mjk = 0 as
soon as the retangle [j, v−1(k)[×[v(j), k[ is not ontained in the region D where rv > rw.
Proof. Choose a basis e1, . . . , en adapted to the referene ag V•. Let W• = φv(m), with m ∈
Mv, and (p, q) /∈ D. Then Wp+ Vq is generated by the vetors e1, . . . , eq and m(e1), . . . ,m(ep).
Sine m(ej) = ev(j) +
∑
k>v(j)mjkek, the subfamily formed by e1, . . . , eq and those m(ej) suh
that j ≤ p and v(j) > q onsists in independant vetors. Sine there are q + p − rv(p, q) =
q + p − rw(p, q) of them, we get dim(Wp ∩ Vq) ≤ rw(p, q). If W• belongs to Xw, we must have
equality, and this implies that the other vetors of the family, that is the m(ej) for whih j ≤ p
and v(j) ≤ q, must be linear ombinations of the previous ones. Henemjk = 0 if j ≤ p, v(j) > q,
and k > q is not among v(1), . . . , v(p), that is v−1(k) > p. The lemma follows immediately.
Now we study our three ases separately.
First ase. The rst one, that of a minimal 4231 onguration, is ompletely similar to [3℄,
Théorème 3.6. We x our notations as in the gure below.
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The Lemma implies that a matrix m ∈ φ−1v (Nv,w) an have non zero entries, exept for those
whih must be equal to one, only on the lines j0, . . . , jl and the olumns k0, . . . , km. Denote by
J and K these sets of indies, this makes an (l+1)× (m+1) submatrix mJ,K of indeterminates.
Now onsider the inidene ondition orresponding to the point (il, p1), whih belongs to
D. As in the proof of the Lemma, we see that Wil + Vp1 ontains the independant family
onsisting in the vetors e1, . . . , ep1 and the m(ej) for j ≤ il and v(j) > p1. Moreover, sine
rv(il, p1) = rw(il, p1) + 1, the dimension of Wil + Vp1 is at most one more than the number of
vetors in this family. But Wil + Vp1 also ontains m(ei0), . . . ,m(eil), and in onsequene, the
rank of M annot be larger than one. Therefore φ−1v (Nv,w) ⊂ N
′
v,w, where
N ′v,w = {m ∈ GLn,miv(i) = 1, mjk = 0 ifj /∈ J or k /∈ K, rank(mJ,K) ≤ 1}.
But this is an irreduible variety of the same dimension as Nv,w, hene there must be equality.
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Seond ase. We x our notations as in the gure below.
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Here the Lemma implies that a matrix m ∈ φ−1v (Nv,w) an have non zero entries, exept for
those whih must be equal to one, only on the line j0 and the olumns k1, . . . , kl+1, or on the
olumn kl+2, and the lines j1, . . . , jl+1.
Consider the inidene ondition orresponding to the point (jl, k0), whih does not belong to
D. It implies that Wjl + Vk0 has a basis onsisting of e1, . . . , ek0 and the m(ej) suh that j ≤ jl
and v(j) > k0. Then
m(ej0) = ek0 + a1ek1 + · · ·+ al+1ekl+1
must be a linear ombination of these vetors, hene of m(ej1) = ekl+1 + b1ekl+2 , . . . ,m(ejl+1) =
ek1 + bl+1ekl+2 , and ek0 . This is equivalent to the quadrati ondition a1bl+1 + · · ·+ al+1b1 = 0.
All these onditions dene a quadrati one N ′v,w ontaining φ
−1
v (Nv,w). Sine it is irreduible
of the same dimension as Nv,w, again there must be equality.
Third ase. This ase is slightly more ompliated than the previous ones. We x our notations
as in the gure below.
i0
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j0
jm+1
p0 pl+1 qm+1 q0
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The Lemma implies that a matrix m ∈ φ−1v (Nv,w) an have non zero entries, exept for those
whih must be equal to one, only on the lines i0 . . . , il and the olumns pl+1, qm+1 (giving the
oeients of a (l + 1) × 2 matrix A), or on the lines il+1, jm+1 and the olumns q0, . . . , qm
(giving the oeients of a 2× (m+ 1) matrix B).
Exatly as in the rst ase, the inidene onditions orresponding to the points (il, pl) and
(jm+1, qm+1) impose that rank(A) ≤ 1 and rank(B) ≤ 1, respetively.
Now onsider the inidene ondition given by the point (jm+1, pl), whih is not in D. It
implies that Wjm+1 + Vpl has a basis onsisting of e1, . . . , epl and the m(ej) suh that j ≤ jm+1
and v(j) > pl. Then m(ei0), . . . ,m(eil) must be linear ombinations of the previous vetors.
Thus, more preisely, m(eij ) must be a linear ombination of epl−j , m(eil+1) and m(ejm+1). If we
denote by a, a′ the two olumns of A, and by b, b′ the two lines of B, this means that aibj+a
′
ib
′
j = 0
for all i, j.
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All these onditions dene an irreduible variety N ′v,w ontaining φ
−1
v (Nv,w). Sine it has the
same dimension as Nv,w, again there must be equality.
Note that if we see the matries A and B as morphisms A : k2 −→ kl+1 and B : km+1 −→ k2,
they must have rank at most one and A ◦ B must be zero. If we assoiate to suh a pair the
2× (l +m+ 2) matrix
C =
(
a0 · · · al+1 b
′
0 · · · b
′
m+1
a′0 · · · a
′
l+1 −b0 · · · −bm+1
)
,
we obtain an isomorphism on the one of rank one matries, and the proof of the Theorem is
omplete.
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